We study the commuting graph on elements of odd prime order in finite simple groups. The results are used in a forthcoming paper describing the structure of Bruck loops and Bol loops of exponent 2.
Introduction
Let G be a group and X a normal subset of G, that is for all x ∈ X, g ∈ G we have x g ∈ X. The commuting graph on X is the undirected graph Γ X,G = Γ X with vertex set X such that two vertices x and y, x = y, are on an edge if [x, y] = 1. The commuting graph of a group is an object which has been studied quite often to obtain strong results on the group G. We give a short overview of some major work on or related to commuting graphs. For more details see the references given below.
Bender noted in his paper on strongly 2-embedded subgroups, [B] , the equivalence between the existence of a strongly 2-embedded subgroup and the disconnectedness of the commuting graph of involutions.
At about the same time Fischer determined the groups generated by a class X of 3-transpositions by studying the commuting graph on X [Fi] . Later Stellmacher classified those groups which are generated by a special class of elements of order 3 again by examinating the related commuting graph [St] .
In order to prove the uniqueness of the group of Lyons, Aschbacher and Segev showed that the commuting graph of 3-subgroups generated by the 3-central elements of a group of Lyons is simply connected [AS] . Notice also that a major breakthrough towards the famous Margulis-Platonov conjecture has been made by Segev by using the commuting graph on the whole set G for G a non-trivial finite group [Se] .
Finally Bates et all [BBPR] determined the diameter of the connected commuting graphs of a conjugacy class of involutions of G where G is a Coxeter group and Perkins [Pe] did the same for the affine groupsÃ n , see also the related work [IJ2] . In [AAM] Abdollahi, Akbari and Maimanithe considered the dual of the commuting graph on G \ Z(G). They conjectured that if these graphs are isomorphic for two non-abelian finite groups then the groups have the same order. This conjecture has been checked for some simple groups in [IJ1] .
In this paper given a finite simple group G, we consider the commuting graph Γ O on the set O of odd prime order elements of G and some of its subgraphs. Our aim is to describe the connectivity of the graph.
For some integer n let π(n) be the set of prime divisiors of n, for a group G let π(G) := π(|G|). Sometimes we consider the set of ψ(n) := π(n) − {2}.
For G a group and ρ a set of primes let E ρ (G) := {x ∈ G|o(x) ∈ ρ}, (the set of elements in G of order a prime in ρ) and for X a normal subset of G let Γ X be the commuting graph on X. Notice, that G acts by conjugation on Γ X , inducing automorphisms. For ρ ⊆ π(G) let Γ ρ = Γ Eρ(G) and for an integer n let Γ n = Γ ψ(n) . Thus for p a prime, Γ p is the commuting graph on the set of elements of order p of G.
For x ∈ X let C x be the connected component of Γ X containing x and H x ≤ G its stabilizer in G. A connected component C x is big, if G acts by conjugation on it, otherwise small. So, if C x is big, then it contains the full conjugacy class x G . Let q be a power of a prime p and r = p another prime. Set d q (r) := min{i ∈ N : r | q i − 1}.
So d q (r) is the order of q modulo r.
In [S] as well as in [BS] we use the results of this paper to characterize the finite Bol loops of exponent 2 as well as the finite Bruck loops.
Here in this paper we show
Theorem 1 Let G be a finite simple group. (a) If Γ O does not have a big connected component, then G is one of the following groups:
-A 1 (q), 2 B 2 (q), 2 G 2 (q) (for any q), This implies the following.
Corollary 1.1 Let G be a finite group and suppose that there is a big connected component C of Γ O . Suppose that the Sylow-p-subgroups are cyclic for all the primes p such that there is an element of order p in C. Then G is not simple.
The uniqueness question of the big connected components is answered during the classification of small connected components below.
In the next theorem we give examples of big connected components which are a single conjugacy class. We say that a conjugacy class x G is connected if the commuting graph on x G is connected. In particular it follows that the commuting graph Γ O of a group which has a connected conjugacy class x G with
x an element of odd prime order does have a big connected component. In order to prove Theorem 1 for the alternating groups and the groups of Lie type in even characteristic, we give in the next theorem a list of elements x for these groups, such that the commuting graph on x G is connected. This list is not complete, but contain all alternating groups and groups of Lie type in even characteristic, which possess such an element x of odd prime order.
Theorem 2 In the following table we list alternating groups and groups of
Lie type in even characteristic G, and subsets ω of π(G) such that the conjugacy class x G is connected for some element x in G of order r, r ∈ ω, with E(C G (x))/Z(E(C G (x))) as given in the third column. In the first column of the table we list G, in the second ω is given and in the last further conditions which have to be satisfied.
G ω E(C G (x))/Z(E(C G (x))) conditions Alt n , n ≥ 8 {3} Alt n−3 A 2 (q), q even π( r ∈ {17, 19} M 24 r ∈ {11, 23} M cL r ∈ {7, 11} He r = 17 Ru r ∈ {7, 13, 29} Suz r ∈ {11, 13} O ′ N r ∈ {11, 19, 31} Co 3 r ∈ {11, 23} Co 2 r ∈ {7, 11, 23} F i 22 r ∈ {11, 13} HN r ∈ {11, 19} Ly r ∈ {31, 37, 67} T h r ∈ {19, 31} F i 23 r ∈ {11, 17, 23}
8(r = 17, 41, 313) q = 2 12(r = 13) We wonder whether there is a proof, which does not use the full classification. Notice, if G = PSL 2 (8) × Sz(8), then Γ O is connected and all the Sylow subgroups of odd order are cyclic.
To prove our results we need studying the groups of Lie type closely. We use the following sources about maximal subgroups of groups of Lie type: [KL] for classical groups, [LSS] and [CLSS] for exceptional groups of Lie type. Furthermore, the papers [Coo] , [K3D4] and [Malle] were useful.
Our strategy to prove the theorems is as follows. If G is a finite simple group which is not listed in Theorem 1 (a), then we prove Theorem 1 by either using the p-local subgroups of G, see Lemma 3.6, or by producing a connected conjugacy class in G which shows Theorems 1 and 2 at the same time. This is done in Section 4, first for the alternating, sporadic and then separately for the groups of odd and even type, respectively.
Theorems 3 and 4 are proven in Section 5. Here our strategy is as follows: Let C be a big connected component. Then we are able to show that C is the set of elements of G of order r with r in ρ, for some ρ ⊆ π(G). The knowledge of centralizers and certain subgroups of G then allows to describe ρ. The size of the centralizer of an element x of G then implies whether x is in a small connected component or not, see Corollary 1.2.
In Section 2 we provide some facts from number theory and Section 3 contains general results about commuting graphs and big connected components.
Facts from number theory
Let q be a power of the prime p and let r = p be another prime. Recall d q (r)|r−1 by Lagrange. Let n be an integer, n = 0. The famous theorem of K.Zsigmondy states Theorem 5 There is either an odd prime s with d q (s) = n or one of the following cases holds.
(a) q is a Mersenne prime, i.e. q = p = 2 m − 1 for some prime m and n = 2.
(b) q is a Fermat prime, i.e. q = p = 2 2 m + 1 for some integer m or q = 9 and n = 1.
(c) q = 2 and n = 1 or n = 6 Let Φ n (x) ∈ Z[x] be the n-th cyclotomic polynomial. Then the following lemmata are consequences of Theorem 5.
Lemma 2.1 Let p be a prime and n an integer. The following holds.
(a) If Φ n (p) a power of 2, then n = 1 and p is 2 or a Fermat prime or n = 2 and p is a Mersenne prime.
(b) If Φ n (p) is a power of 3, then p = 2 and n ∈ {1, 2, 6}.
(c) If Φ n (p) a power of 3 times a power of 5, then p = 2 and n ∈ {1, 2, 4, 6}.
Proof: If n > 2 and (p, n) = (2, 6) by Zsigmondy's theorem there exists a prime r dividing Φ n (p), which does not divide Φ m (p) for m < n. Since 3 divides (p − 1)p(p + 1) = Φ 1 (p)pΦ 2 (p) we have r > 3. So in the first two cases the question reduces to those primes p, for which p − 1 (in case n = 1) or p + 1 (in case n = 2) is a 2-power or a 3-power. For the third case observe, that n | r − 1, so n ∈ {1, 2, 4} in this case and we have to determine those primes p, for which one of p − 1, p + 1 or p 2 + 1 is a 3-power times a 5-power. Since in particular Φ n (p) is odd, p = 2. The statement is immediate. (e) If q 2 − 1 is a 3-power times a 5-power, then q ∈ {2, 4}.
Proof: Let q = p e . Remember the formulas
For n = 1 we get e ≤ 2 in (i) and (ii) by 2.1. For n = 2 we get (iii) again by 2.1. Since 3 divides exactly one of q − 1, q, q + 1, we get q = 2 or q a Mersenne or Fermat prime by (i) and (ii). For Mersenne primes p = 2 r − 1 we have p − 1 = 2(2 r−1 − 1), which is a 2-power times a 3-power for r ≤ 2 only by the formula mentioned and 2.1. For Fermat primes p = 2 m +1 we can again use the formula on p+1 = 2(2 m−1 +1) and 2.1. Finally (v) is a consequence of the above product formula together with 2.1. 2
Commuting graphs and big connected components
We begin with some trivial but powerful observations. Lemma 3.1 Let X be a normal subset of the group G and Γ X the commuting graph on X. The following lemma is helpful as it allows to switch from G to a central extension of G.
Lemma 3.2 Let X be a normal subset of the group G, Γ X the commuting graph on X and G := G/Z(G). If x and y are elements in X which are connected in Γ X , then x, y are connected in Γ X . Lemma 3.3 Suppose C is a big connected component in Γ X which is a subset of X := E ρ (G) for some ρ ⊆ π(G). If there is an element x ∈ C of order r, then C contains all the elements of order r.
Proof: Let z ∈ X be of order r. We show, that x and z are connected in Γ X . Let R ∈ Syl r (G) with z ∈ R and g ∈ G with y g ∈ R. Then y g and z are connected via Z(R) = 1, as E r (G) ⊆ X. Therefore (y, z g −1 ),(x, z g −1 ) and (x g , z) are connected. As C x is big, (x, x g ) are connected, so (x, z) are connected. 2
Notice, that the subset ρ for a big connected component C of Γ π can be determined from the sizes of centralizers only, once the order r of a single element x ∈ C is known. For this we simply define a graph on the set π by connecting all primes p 1 and p 2 , such that p 2 divides the size of a centralizer of an element of order p 1 . The connected component of the prime r in this graph is the subset ρ in question.
In order to use this method, we have to establish the existence of big connected components. A special case is the connectedness of Γ p . Following Bender [B] , we show, that connectedness of Γ p is equivalent to the fact that G has no strongly p-embedded subgroup. First we give criteria for the connectedness of Γ p .
Lemma 3.5 Let G be a group with O p (G) = 1. Then Γ p is connected.
Lemma 3.6 Suppose there exists a prime p ∈ π(G) with
In some sporadic groups we need a generalization to include nonlocal subgroups U with Γ p (U ) connected. 
Recall that a subgroup U ≤ G is strongly p-embedded, if U = G, p ∈ π(U ) and p ∈ π(U ∩ U g ) for all g ∈ G − U , cf. [B] . The equivalence of (a) and (b) is already shown by Bender for p = 2 as well as essentially the equivalence of (b) and (c), see [B] .
Lemma 3.8 Let G be a finite group and p ∈ π(G). The following statements are equivalent:
Proof: Suppose Γ p is connected, but there exists a strongly p-embedded subgroup U . Let x ∈ U, o(x) = p. As U is strongly p-embedded, U is the stabilizer of a unique point in the action of G on the U -cosets and this is the unique fixed point of x. Therefore C G (x) fixes this unique point, so C G (y) ≤ U for every y ∈ U of order p. This gives a contradiction to Γ p connected, as G − U contains elements of order p.
Corollary 3.9 Let G be a finite group and
In the groups of Lie type in even characteristic we wish to show connectedness of a conjugacy class. the following lemma is a powerful tool.
Suppose U is a subgroup of G such that U = AB for two commuting subgroups A and B of U and such that there is a g ∈ G with
Proof: Notice, that the commuting graph of Y = X ∩ U in U is connected:
For G a group of Lie type we show the existence of U, A, B and g by applying either the Curtis-Tits Theorem or by using the Steinberg relations or by using the action of G on its geometry or a natural module as is explained later. In some cases another criterion is useful:
We end this section with a criterion for the nonexistence of big connected components.
Lemma 3.12 Let X be a normal subset of G, and C a big connected component of
Notice, that groups with abelian centralizers were considered already by L.Weisner [W] and M.Suzuki [Sz1] . We wonder, whether it is possible to classify those finite simple groups without big connected component in Γ O without using the classification.
Proofs of Theorems 1 and 2
In this section we show that if G is a simple group not listed in Theorem 1 (a), then Γ O has at least one big connected component. At the same time we show that there is a prime p such that Γ p is connected.
For groups of Lie type in even characteristic the strategy is to establish Theorem 2. This, then produces big connected components by 3.4.
Alternating groups
Lemma 4.1 Let G ∼ = Alt n and x ∈ G of odd prime order p.
Proof: The centralizer of an element of order p acts on the fixed points and permutes the cycles of lenght p. This gives (1), (2b) and (2d). For (2c) we observe, that in Σ n all powers of x are conjugate, as they have the same cycle structure. Remains (2a): For a p-cycle x let M (x) ⊆ {1, ..., n} be the orbit of length p. Now, if for p-cycles x, y:
. But now, given any two p-cycles x, y, we can find p-cycles z i with:
Lemma 4.2 Theorem 2 holds for G an alternating group. This implies that Theorem 1 holds for G, as well.
Proof: By 4.1 (2)(a), the conjugacy class of 3-cycles is connected for n ≥ 7. 2
Sporadic groups
Lemma 4.3 Theorem 1 holds for G a sporadic group.
Proof: We use the informations from [ATLAS] . Notice, that M 11 and J 1 have no big connected component, as visible from the centralizer sizes. We use 3.6 to establish the connectedness of Γ p in the following cases (G, p): (B, 3) , (M, 3). We use 3.7 with subgroups A, B in the following cases (G, o(x), A, B):
Groups of Lie type in odd characteristic

Lemma 4.4 Theorem 1 holds for G a group of Lie type in characteristic
Proof: In this case G is generated by its p-locals. Then 3.6 shows, that Γ p is connected. 2
Lemma 4.5 Theorem 1 holds for G ∼ = A 1 (q), q odd.
Proof: From Dixon's theorem on subgroups of PSL 2 (q) we conclude the centralizer sizes, so no big component exists. Also 3.12 implies the statement. 2
Lemma 4.6 Theorem 1 holds for G ∼ = 2 A 2 (q), q odd.
Proof: Let q = p e with p a prime. Given an element x ∈ G, o(x) = r an odd prime, we have either r = p, r | q + 1, r | q − 1 or r | q 2 −q+1 (3,q+1) . A Sylowp-subgroup is strongly p-embedded, so Γ p is not connected. By 3.12 we look for nonabelian centralizers. The only nonabelian centralizer of a semisimple element is a subgroup of type
is a 2-power. Then all semisimple elements have an abelian centralizer. The nonabelian centralizers from elements of O come from elements of order p.
As C x should be a big connected component, N G, a contradiction to the simplicity of G.
Suppose now, that
is not 2-power. Let x ∈ G be an element with centralizer isomorphic to q+1 (q+1,3) • SL 2 (q).2. We claim, that the conjugacy class X := x G is connected. We can find x in an abelian subgroup A of size
Proof: The case q = 3 is treated as PSL 2 (8) in the next section. We use the list of maximal subgroups in [K2G2] . In particular as centralizers of semisimple elements are reductive, centralizers of elements of odd prime order in G are abelian 3 ′ -groups. So centralizers of elements of order 3 are {2, 3}-groups.
By 3.8 therefore Γ 3 is not connected. Then by 3.12, G has no big connected component. 2
Groups of Lie type in even characteristic
We first establish Theorem 2, as then Theorem 1 is a consequence of 3.4.
Lemma 4.8 Theorem 1 holds for
Proof: Use Dixon's Theorem for PSL 2 (q) and [Sz] in case of Sz(q) for the list of maximal subgroups. Then 3.12 shows, that G has no big connected component.
2
Lemma 4.9 Let G ∼ = A n (q) with n = 2 or n = 3 and q even. Then Theorem 2 and Theorem 1 hold for G.
Proof: If q = 2, the group A 2 (2) ∼ = A 1 (7) has no big connected subgroup by 4.5. As A 3 (2) ∼ = Alt 8 , we have a big connected component by 4.1. The group A 2 (4) has no big connected component, as visible from the centralizer sizes in [ATLAS] .
So let q ≥ 4 (q > 4 for n = 2) and r a prime divisor of q − 1. Let a, b, c ∈ GF(q) with 1 = a, a r = 1, b = 1 a 2 and c = 1 a 3 . For n = 2 let x 1 the image of Diag(a, a, b) in G and x 2 the image of Diag(b, a, a). Then [x 1 , x 2 ] = 1, x 1 , x 2 are conjugate in G and x 1 , x 2 ∼ = Z r ×Z r . We calculate, that with q 1 := q−1
Let Φ = {r 1 , r 2 , r 1 + r 2 , −r 1 , −r 2 , −r 1 − r 2 } be a root system of type A 2 such that SL 3 (q) = x r (t) : r ∈ Φ, t ∈ GF (q) and such that C G (x 1 ) contains the image of X r1 , X −r1 , C G (x 2 ) contains the image of X r2 , X −r2 and and N G ( x 1 , x 2 ) contains the image of the subgroup N , see [Car] . The commutator relations imply that
Hence, x G 1 is connected by 3.11. For n = 3 let y 1 the image of Diag(a, a, a, c) in G, y 2 the image of Diag(c, a, a, a) in G and y 3 the image of Diag(a, c, a, a) in G.
We calculate that [y 1 ,
Again we take a root system Φ of type A 3 for SL 4 (q) with fundamental system Π = {r 1 , r 2 , r 3 }, such that C G (y 1 ) contains the image of X r2 , X −r2 , X r3 , X −r3 and N G ( y 1 , y 2 , y 3 ) = N .
We get
Lemma 4.10 Let G ∼ = A n (q) for n ≥ 4 and q even. Then Theorem 2 and Theorem 1 hold for G.
Proof: We show the statement inĜ = SL n (q), which stays valid in G =Ĝ/Z(Ĝ) by 3.2. Let Φ be a root system ofĜ with fundamental root set Π = {r 1 , r 2 , ..., r n } with usual numbering of roots, as described in [Car] . Set U = X r , X −r , r ∈ Π − {r 2 } , A = X r1 , X −r1 and B = X r , X −r , r ∈ Π − {r 1 , r 2 }. Let x ∈ A be some element of order r for r a prime divisor of q 2 − 1. Choose g ∈ N , such that g acts on Π as transposition (r 1 , r n ). By 3.10 then
In the unitary case let F = GF(q 2 ), α : a → a q ∈ Aut(F ). Let n > 2 be some integer and extended α to GL n (F ). For g ∈ GL n (F ) let g T be the transpose of g. Then GU n (q) = {g ∈ GL n (F ) : gg αT = 1} and SU n (q) = {g ∈ GU n (q) : det(g) = 1}.
A diagonal matrix Diag(a 1 , a 2 , ..., a n ) is contained in SU n (q), iff a q+1 i = 1 for all i and a 1 , a 2 , . .., a n ) ∈ F n be the standard base with a j = δ i,j . For u ∈ F n let N (u) = (u, u) ∈ GF(q) and observe N (λu) = λ q+1 N (u). By Hilbert 90 , the map F → GF(q) : a → a q+1 is surjective, so for every u ∈ F n some λ ∈ F exists with N (λu) = 1. Recall, that SU n (q) acts transitively on orthonormal bases.
Lemma 4.11 Let G ∼ = 2 A 2 (q) for n = 2 or n = 3 and q even. Then Theorem 2 and Theorem 1 hold for G.
Proof: If q = 2, the group 2 A 2 (2) is soluble. The group 2 A 3 (2) is isomorphic to B 2 (3), so by 4.4 has a big connected component.
So let q > 2 and r a prime divisor of q + 1. There exist a, b, c ∈ F with a r = 1, b = 1 a 2 and c = 1 a 3 . If q = 8 and n = 2 choose 1 = a, a 9 = 1 = a 3 and b = 1 a 2 . We do our calculations in SU n (q) and use 3.2 for the proof of the statement. For n = 2 let x 1 = Diag(a, a, b) and x 2 = Diag(b, a, a) in G. We will show, that xĜ 1 is connected in SU 3 (q). We can calculate, that o( We can now show, that G 0 =Ĝ:
We can find some g 1 ∈ B 1 with u g1 = e 3 . As
1 ∈ e 1 , e 2 . We can find some g 2 ∈ A 1 with v
∈ e 2 , e 3 . So there exists some g 3 ∈ B 1 with v g1g2g3 i ∈ e i , so gg 1 g 2 g 3 is a diagonal matrix. As A 1 ≤ G 0 contains all diagonal matrices ofĜ and g 1 g 2 g 3 ∈ G 0 , g ∈ G 0 , soĜ = G 0 . Therefore xĜ 1 is connected.
For n = 3 let y 1 = Diag(a, a, a, b), y 2 = Diag(b, a, a, a) and y 3 = Diag(a, b, a, a). We will show, that yĜ 1 is connected in SU 4 (q). We can calculate, that o(y i ) = r, y i ∈ SU 4 (q), [y i , y j ] = 1, the y i are conjugate in G, A 1 := CĜ(y 1 ) ∼ = GU 3 (q) and
Using the same method as in case n = 2, we can show, that A 1 , A 2 =Ĝ. By 3.11, yĜ 1 is connected.
2
Lemma 4.12 Let G ∼ = 2 A n (q) for n ≥ 4 and q even. Then Theorem 2 and Theorem 1 hold for G.
Proof: By [KL] there exists a maximal subgroup U of type U 2 (q) ⊥ U n−2 (q). Let A, B be the subgroups of U with A ∼ = SL 2 (q) and B ∼ = SU n−2 (q).
As SU n (q) acts transitively on nondegenerated 2-subspaces of its natural module, there exists some g ∈ G, such that A g ⊆ B. Let r be any prime divisor of q 2 − 1 and x ∈ A be some element of order r. Using the list of maximal subgroups in [KL] we conclude, that C G (x) = C U (x). By 3.10, H x ≥ U, g . As U was maximal,
Lemma 4.13 Let G ∼ = C 2 (q) for q > 2, q even. Then Theorem 1 hold for G.
Proof: Let r ∈ π(q 2 − 1). We show, that Γ r is connected. There exist two classes of maximal subgroups M 1 ,M 2 of type (PSL 2 (q) × PSL 2 (q)).2, which are interchanged by a graph automorphism.
We can choose M 1 to be of type (Sp 2 (q) ⊥ Sp 2 (q)) : 2, the normalizer of a 2-space decomposition and M 2 to be of type O + 4 (q). Notice, that these two subgroups contain Sylow-subgroups for all primes dividing q 2 − 1. By Sylow's Theorem we may choose M 1 , M 2 with a common Sylow-r-subgroup. Let x ∈ M 1 ∩ M 2 be of order r. Notice, that Γ r (M 1 ) and Γ r (M 2 ) are connected. By 3.7, Γ r ( M 1 , M 2 ) is connected. As M 1 , M 2 are maximal subgroups, Γ r is connected.
Lemma 4.14 Let G ∼ = C n (q) for n ≥ 3, q even. Then Theorem 2 and Theorem 1 hold for G.
Proof: By [KL] there exists a maximal subgroup U of type Sp 2 (q) ⊥ Sp 2n−2 (q). Let A, B be the normal subgroups of U with A ∼ = SL 2 (q) and B ∼ = Sp 2n−2 (q). As Sp 2n (q) is transitive on nondegenerate 2-spaces, there exists some g ∈ G, such that A g ⊆ B. Let r be any prime divisor of q 2 − 1 and x ∈ A be some element of order r. By 3.10, H x ≥ U, g > U . As U was a maximal subgroup, Γ X is connected for
Then Theorem 2 and Theorem 1 hold for G.
Proof: Let ε ∈ {+, −}. By [KL] there exist maximal subgroups U ) satisfy the conditions of 3.10 for x any element of order r, r ∈ π(q − (ε 2 1)). As U ε1 ε2 was a maximal subgroup of G, Γ X is connected for
Lemma 4.16 Let G ∼ = G 2 (q) with q even. Then Theorem 2 and Theorem 1 hold for G.
We use the list of maximal subgroups in [Coo] . Let ε ∈ {+, −} with r a divisor of q − ε. There exist two classes of subgroups of type (q − ε) × PSL 2 (q) in a maximal subgroup of type PSL 2 (q) × PSL 2 (q). Let C 1 , C 2 be representatives of the two classes and x 1 ∈ Z(C 1 ), x 2 ∈ Z(C 2 ) with o(x 1 ) = r = o(x 2 ).
Notice, that there is only one class of maximal subgroups M isomorphic to A ε 2 (q).2 ∼ = SL ε 3 (q).2 for each ε. We can choose i ∈ {1, 2}, such that M does not contain a conjugate of C i , as M contains a unique class of such subgroups. Now H xi contains C i , but also a subgroup N of shape (q − ε) 2 : D 12 ≤ M . So H xi ≥ C i , N . Using the list of maximal subgroups of G, we see for q > 4, that
Notice, that our selection of C i also forces
In case q = 4, due to the J 2 -maximal subgroup, we used computer calculations. We calculated in MAGMA, using the 6-dimensional representation of G over GF(4), that G has connected conjugacy classes of elements of order 3 with the given centralizer structure. There is no connected conjugacy class of elements of order 5, though Γ 5 is connected.
Lemma 4.17 Let G ∼ = 3 D 4 (q) with q even. Then Theorem 2 and Theorem 1 hold for G.
Proof: For q = 2 we use the list of maximal subgroups in [ATLAS] . By 3.6, Γ 3 and Γ 7 are connected. As G has 3 3-local maximal subgroups, but only two classes of elements of order 3, G has a connected conjugacy class of elements of order 3 by 3.11. However it is class 3B, which is not the class used in case of q > 2.
So let q > 2 and r any prime divisor of q 2 − 1. Let ε ∈ {−1, +1} with r a divisor of q − ε.
We use the list of semisimple centralizers and maximal subgroups in [K3D4] . We can choose some x ∈ G, o(x) = r with C G (x) ≥ Z q−ε × PSL 2 (q 3 ). From the list of maximal subgroups we conclude, that C G (x) is contained in maximal parabolic or a subgroup of type PSL 2 (q) × PSL 2 (q 3 ), as no other subgroup contains a PSL 2 (q 3 ). As centralizers of semisimple elements are reductive,
2 with f ε = (3, q − ε). As M contains a Sylow-r-subgroup, we may assume x ∈ M and x ∈ N . Notice, that N is neither contained in a maximal parabolic subgroup nor a subgroup of type
Proof: If q = 2 we use this list of maximal subgroups in [ATLAS] . By 3.7 we have Γ 3 connected. Notice, that Γ 5 is not connected, as a Sylow-5-subgroup is normal in the centralizer of a 5-element.
For q > 2 we use the list of maximal and maximal local subgroups in [Malle] . Notice, that 5 | q 2 + 1 in this case. We can factorize q 2 + 1 = (q − √ 2q + 1)(q + √ 2q + 1). Let ε ∈ {+, −}, such that r is a divisor of q + ε √ 2q + 1 and let x ∈ G be an element of order r with
. Such an element exists in a maximal subgroup M 1 of type ( 2 B 2 (q) × 2 B 2 (q)).2. Notice, that the outer involution interchanges the components, as 2 B 2 (q) has no outer automorphism of order 2. This gives
But there exists a subgroup N of type (Z q+ε
[96], which is maximal for q > 8 or r > 5, while contained in 2 F 4 (2) for q = 8 and r = 5.
Lemma 4.19 Let G ∼ = F 4 (q) for q even. Then Theorem 2 and Theorem 1 hold for G.
Proof: Let r be a prime divisor of q 2 − 1. By [LSS] , G has two classes of maximal subgroups M 1 , M 2 isomorphic to Sp 8 (q) ∼ = C 4 (q).
By 4.14, each M i has a connected conjugacy class for a prime r | q 2 − 1. We may choose x ∈ M 1 of order r with C G (x) = C M1 (x) ∼ = (q − ε) × Sp 6 (q) for for some ε ∈ {+, −}. The fact, that C G (x) = C M1 (x) comes from the list of maximal subgroups, which contain a centralizer, see the main theorem of [CLSS] . Then x is contained in a torus T of type (q − ε) 4 , with W (F 4 ), the full Weyl group, acting on it. As this torus normalizer is not contained in Sp 8 (q) (but in Ω + 8 (q).Σ 3 ), we have H x = G: H x contains M 1 as seen in 4.14 and N G (T ), but M 1 , N G (T ) = G, as M 1 is a maximal subgroup not containing N G (T ). Therefore the commuting graph on x G is connected. 2
Lemma 4.20 Let G ∼ = E 6 (q), 2 E 6 (q), E 7 (q) or E 8 (q) for q even. Then Theorem 2 and Theorem 1 hold for G.
Proof: By [LSS] there are maximal subgroups U with normal subgroups A ∼ = PSL 2 (q) and B ∼ = PSL 6 (q), PSU 6 (q), Ω + 12 (q) resp. E 7 (q), such that a g ∈ G exists with A g ⊆ B. The existence of g and these subgroups can also be seen from the Steinberg relations.
Let r be a prime divisor of q 2 − 1 and x ∈ U be some element of order r. We can conclude from the main result of [CLSS] , that C U (x) = C G (x). By 3.10 the graph Γ X for X = x G is connected. 2
Proof of Theorem 4
We consider only those groups, which have a big connected component. Groups without big connected component were determined in Theorem 1. We classify the small connected components and show uniqueness of the big connected components (if possible). To do this, we use 3.4: We start with the prime(s) mentioned in the proof of Theorem 1. We chose several big centralizers to show connectedness of a large subset of Γ O .
We use knowledge on centralizers to show, that the remaining primes give elements, which are not connected to the big connected component. Proof: By Theorem 1, we can exclude M 11 and J 1 . By the centralizer sizes in [ATLAS] , all primes listed as a small connected component give a unique small connected component.
alternating and sporadic groups
It remains to show, that the big connected component(s) contains all other primes. In the list below we give the set of primes π(C) of the orders of elements in the big connected component together with elements x whose centralizer size shows that the elements of G of order r, r in π(C), form indeed a connected component of Γ O .
This also shows, that the big connected component is unique, apart from the case
{3, 5, 7, 11, 13} 3A, 3B B {5, 5, 7, 11, 13} 3A M {3, 5, 7, 11, 13, 17, 19, 23, 29 , 31} 3A, 3C 2
Groups of Lie type
We exclude the groups listed in Theorem 1.
Lemma 5.3 Let G ∼ = A 2 (q). Then Theorem 4 holds.
Proof: Notice, that the torus of size
(q−1,3) is always self centralizing, so gives always a small connected component.
If q is even, q > 4 by Theorem 1. Then by Theorem 2 there is a connected conjugacy class with centralizer q−1 (q−1,3) A 1 (q). Therefore the big connected component is unique and consists of all elements of order r with r ∈ π(q 2 − 1). If q is odd, by 4.4, E p (G) is connected. Centralizers of semisimple elements are either tori or of type ,3) is a 2-power, the big connected component contains no semisimple elements. Else we find some element x ∈ G, o(x) = r for some odd prime r = p, r | q − 1 such that C G (x) contains a component isomorphic to SL 2 (q). This shows Γ (q−1)(q)(q+1) connected.
q). Then Theorem 4 holds.
Proof: For q = 2 we use A 3 (2) ∼ = Alt 8 . If q is even, q = 2, so by Theorem 2 there is a connected conjugacy class with centralizer (q − 1)A 2 (q). This shows Γ (q 2 −1)(q 3 −1) connected. There exists a subgroup Z q 4
. This subgroup contains elements of order q + 1 in its center, so Γ O is connected. If q is odd, Γ p is connected by 4.4. There exists a subgroup of type L 2 (q) ⊕ L 2 (q), which shows, that Γ q(q 2 −1) is connected.
If q − 1 is not a 2-power, we find a subgroup of type L 1 (q) ⊕ L 3 (q) with center of odd order. If q − 1 is a 2-power, elements of order r with d q (r) = 3 are contained in small connected components, as visible in G ∼ = Ω + 6 (q). If q + 1 is not a 2-power, we find a subgroup of type GL 2 (q 2 ) ≤ GL 4 (q) with center of odd order. If q + 1 is a 2-power, elements of order r with d q (r) = 4 are contained in small connected components, as visible in G ∼ = PSL 4 (q). 2
Lemma 5.5 Let G ∼ = A n (q) for n ≥ 4. Then Theorem 4 holds.
Proof: Let q odd. There exists a subgroup of type L 2 (q) ⊕ L n−1 (q). By 4.4, Γ p is connected, so also Γ |PSLn−1(q)| is connected. If q is even we get Γ |PSLn−1(q)| connected by Theorem 2. So remains to check the primes r with d q (r) = n and d q (r) = n + 1.
Suppose d q (r) = n + 1. If n + 1 is a prime, a torus of size
is self centralizing and gives a small connected component.
If n+1 = a·b with a = 1 = b, there exists a subgroup M 1 of type
If Z(F * (M 1 )) contains elements of odd prime order, Γ O (M 1 ) is connected. As F * (M 1 ) contains a section isomorphic to PSL 2 (q) and a torus of type q n+1 −1, elements of order r with d q (r) = n + 1 are then contained in the big connected component.
By Proposition 4.3.6 of [KL] , this subgroup is local with a cyclic normal subgroup of size
(q−1)(q−1,(n+1)) . By Zsigmondy, some odd prime t | q b − 1 exists with d q (t) = b, unless b = 2 and q is a Mersenne prime. If n is a 2-power, then n ≥ 8 and there exists a subgroup M 2 ≤ M 1 of type L n+1/4 (q 4 ). Now Z(F * (M 2 )) has elements of odd order, as there exists a Zsigmondyprime t with d q (t) = 4. As F * (M 2 ) contains a torus of type q n+1 − 1 and a P SL 2 (q)-section, again elements of order r with d q (r) = n + 1 are contained in the big connected component.
Suppose now d q (r) = n. There exists a subgroup M 3 of type L 1 (q) ⊕ L n (q). By Proposition 4.1.4 of [KL] , Z(F * (M 4 )) contains elements of odd order s with s | q − 1, if q−1 (q−1,n+1) is not a 2-power. In that case F * (M 3 ) contains a torus of type q n − 1. If Z(F * (M 3 )) contains no elements of odd prime order, F * (M 3 ) contains a component of type L n (q). The connected components of the commuting graph for F * (M 3 ) were determined by induction. We have to distinguish the case n = 4 where we use 5.4 and n > 4.
For n = 4 we have to care for small connected components of F * (M 3 ) containing elements of prime order r with d q (r) = 4. By 5.4, such connected components exist only for odd q and then q + 1 is a 2-power. As F (M 3 ) = 1, q−1 (q−1,5) is a 2-power too. As neither q − 1 nor q + 1 is divisible by 3, p = 3 and q is a 3-power. If q > 3, then q + 1 has a Zsigmondy divisor bigger than 5, a contradiction. The case q = 3 arises.
For n > 4 we have use induction. Again we have to care for small connected components of F * (M 3 ), which contain elements of prime order r with d q (r) = n. This forces n to be a prime.
Notice, that from the action of SL n+1 (q) on its natural module, it is obvious, that the listed cases all occure.
2 Lemma 5.6 Let G ∼ = 2 A 2 (q). Then Theorem 4 holds.
Proof: Notice, that for all q a torus of size
(q+1,3) is self centralizing. If q is even, by Theorem 2 there is a connected conjugacy class y G , o(y) = r for r some prime divisor of q + 1. By construction of y, C y contains E ψ(q 2 −1) (G), the statement holds for q even.
So let q odd and suppose there exist a big connected component, so
is not a 2-power. Then a semisimple element of odd order y exists, such that
Proof: Consider first q even. By Theorem 2, there is a connected conjugacy class y G , o(y) = r for r some prime divisor of q + 1. By construction of y, C y contains E ψ(|PSU3(q)|) (G). There exists a subgroup Z q 4 −1 q+1 in a Levi complement of a parabolic subgroup of type q 4 : GL 2 (q 2 ). This subgroup contains elements of order s for s some prime divisor of q − 1, if q > 2, so Γ O is connected. The case q = 2 gives a small connected component.
So q is odd. There exists a subgroup M 1 of type U 2 (q) ⊥ U 2 (q). By 4.4, a big connected component containing all elements of odd prime order s with s a divisor of |PSL n−2 (q)| exists. So remain the cases d q (r) ∈ {4, 6}.
In case of d q (r) = 6, let M 2 be a subgroup of type U 1 (q) ⊥ U 3 (q). The structure of M 2 is described by Proposition 4.1.4 of [KL] . In particular Z(F * (M 2 )) contains elements of odd order, if q+1 (q+1,4) is not a 2-power. Notice, that M 2 contains a torus of type q 3 + 1. Also for x ∈ M 2 , o(x) = r with d q (r) = 6, C M2 (x) = C G (x) as visible from the action on the 6-dimensional GF(q)-module of Ω − 6 (q). Therefore we get a small connected component for q + 1 a 2-power. If d q (r) = 4, let M 3 be a maximal subgroup of type GL 2 (q 2 ) in class C 2 . The structure of M 3 is described by Proposition 4.2.4 of [KL] . In particular Z(F * (M 3 )) has size (q−1)(q+1,2) (q+1,4)
, so contains elements of odd prime order, if q − 1 is not a 2-power. Notice that M 3 contains a torus of type q 2 + 1. Also for x ∈ M 2 , o(x) = r with d q (r) = 4, C M2 (x) = C G (x) as visible from the action on the 4-dimensional GF(q 2 )-module of SU 4 (q). Therefore we get a small connected component for q − 1 a 2-power.
Proof: If q is even, by Theorem 2, there is a connected conjugacy class y G , o(y) = r for r some prime divisor of q 2 − 1. If q is odd, by 4.4, a big connected component exists, containing all elements of order p.
There exists a subgroup of type U 2 (q) ⊥ U n−1 (q). Therefore a big connected component exists, which contains all elements of odd prime order s with s a divisor of |PSU n−1 (q)|. So r | (q n+1 − (−1) n+1 )(q n − (−1) n ). Suppose n + 1 even and r | q n+1 − 1. There exists a torus of type is odd and (q, n + 1) = (2, 6), let t be some Zsigmondy prime with d q (t) = n+1 2 . If (q, n + 1) = (2, 6) let t = 3. Now the torus of type q n+1 − 1 (and size q n+1 −1 (q+1)(q n+1 −1,n+1) contains elements of order t, but t | |SU n/2 (q)|, so x is in the big connected component.
Suppose n + 1 odd, but not a prime and r | q n+1 + 1. Let n + 1 = a · b with a = 1 = b and b a prime. There exists a subgroup M 2 of type U n+1
) contains elements of odd prime order, while F * (M 2 ) contains a PSL 2 (q)-section and a torus of type q n+1 + 1. Therefore x is contained in the big connected component. If n + 1 is a prime, a torus of type q n+1 + 1 is self centralizing, so gives a small connected component.
Suppose now r | q n − (−1) n . There exists a subgroup M 3 of type U 1 (q) ⊕ U n (q). By Proposition 4.1.4 of [KL] , Z(F * (M 3 )) contains elements of odd order s with s | q + 1, if q+1 (q+1,n+1) is not a 2-power. In that case F * (M 3 ) contains a torus of type q n − (−1) n , so x is contained in the big connected component. If Z(F * (M 3 )) contains no elements of odd prime order, F * (M 3 ) contains a component of type U n (q). We use the knowledge about the commuting graph of that component, but have to distinguish the case n = 4, where we use 5.7 and the case n ≥ 5.
If n = 4, we have to care for small connected components of F * (M 3 ), which contain elements of prime order r with d q (r) = 4. By 5.7 this makes q − 1 a 2-power. As q+1 (q+1,5) is a 2-power too, p = 3. For q > 9, q + 1 has a Zsigmondy divisor bigger than 5. So q = 3 or q = 9.
If n > 5, we have to care for small connected components of F * (M 3 ), which contain elements of prime order r with d q (r) = 2n. This force n to be a prime. The corresponding torus in F * (M 3 ) is self centralizing. Notice, that the listed small connected components arise, as visible from the action of SU n+1 (q) on its natural module.
Lemma 5.9 Let G ∼ = C 2 (q). Then Theorem 4 holds.
Proof: By Theorem 1 we have q > 2. Notice, that self centralizing tori of size
(q−1,2) exist, which give small connected components. If q is even, by 4.13, a big component containing E π(q 2 −1) (G) exists.
If q is odd, by 4.4 there exists a big connected component, containing all elements of order p. There exists a subgroup of type Sp 2 (q) ⊥ Sp 2 (q). Therefore, if r | (q − 1)q(q + 1), then x is in the big connected component.
Lemma 5.10 Let G ∼ = C n (q) for n ≥ 3. Then Theorem 4 holds.
Proof: If q is odd, by 4.4 there exists a big connected component, containing all elements of order p. If q is even, by Theorem 2 there is a big connected component containing all elements of prime order s for s a divisor of q 2 −1. There exists a subgroup of type Sp 2 (q) ⊥ Sp 2n−2 (q). Therefore, if r | |Sp 2n−2 (q)|, then x is in the big connected component.
So r | (q n − 1)(q n + 1). If n is even, then r | q n + 1, else Sp n (q) contains elements of order r. Let n = a·b with a a 2-power and b odd. If b = 1, we have a self centralizing torus of size q a +1 (q−1,2) , which gives a small connected component. So b > 1. There exists a subgroup M 1 of type Sp 2b (q a ). This subgroup contains a subgroup M 2 of type GL b (q a ), which contains a torus of type q n − 1, and M 3 of type GU b (q a ), which contains a torus of type q n + 1. The structure of M 2 is described by Proposition 4.2.5, while those of M 3 is described by 4.3.7 for q odd and 4.3.18 for q even.
We see, that Z(F * (M 2 )) contains no elements of odd order, iff q − 1 is a 2-power and a = 1. Furthermore Z(F * (M 3 )) contains no elements of odd order, iff q + 1 is 2-power and a = 1. Both subgroups contain a PSL 2 (q)-section. If a > 1, then x is in the big connected component. If a = 1, b a prime and q − 1 is a 2-power, we have a small connected component to a torus of size q b − 1. If a = 1, b a prime and q + 1 a 2-power, we have another small connected component to a torus of size q b + 1. The existence of these small connected components is visible from the natural module of Sp 2n (q).
Remains the case of a = 1 and b composite, so b ≥ 9. We use 5.5 and 5.8 for the connected components of F * (M 2 ) and F * (M 3 ) and get x into the big connected component.
Before we can handle B n (q) we need D n (q) and 2 D n (q).
Lemma 5.11 Let G ∼ = D n (q) for n ≥ 4. Then Theorem 4 holds. 
. By the structure of M 1 , elements of order s are in the big connected component, if s is an odd prime divisor of |Ω − 2n−2 (q)|. So remain odd primes r, which divide (q n − 1)(q n−1 − 1). Let n even. Suppose r | q n − 1. If q is odd, then q n − 1||Ω n+1 (q)| and n + 1 ≤ 2n − 3. If q is even, then q n − 1||Ω − n+2 | and n + 2 ≤ 2n − 2. This implies, that x is in the big connected component by M 1 in both cases.
Suppose r | q n−1 −1. A torus of type q n−1 −1 can be found in a subgroup M 2 of type GL n (q).2 in class C 2 . The structure of M 2 is described by Proposition 4.2.7 of [KL] . If q − 1 is not a 2-power, then Z(F * (M 2 )) contains elements of odd order, so x is in the big connected component.
We use 5.4 and 5.5 for the connected components of M 2 , if q − 1 is a 2-power. Therefore n − 1 is a prime. By observation of the action on the natural module we conclude, that this gives a small connected component.
Suppose r | q n−1 + 1, so q is odd. A torus of type q n−1 + 1 is contained in a subgroup M 3 of type GU n (q) in class C 3 . The structure of M 3 is described by Proposition 4.3.18 of [KL] . If q + 1 is not a 2-power, Z(F * (M 3 )) contains elements of odd order and x is in the big connected component. We use 5.7 and 5.8 for the connected component of M 3 , if q + 1 is a 2-power. Therefore n − 1 is a prime and we get again a small connected component.
Let n odd. Suppose r | q n − 1. A torus of type q n − 1 can be found in a subgroup M 4 of type GL n (q).2 in class C 2 . The structure of M 4 is described by Proposition 4.2.7 of [KL] . If q − 1 is not a 2-power, then Z(F * (M 4 )) contains elements of odd order, so x is in the big connected component.
We use 5.4 and 5.5 for the connected components of M 4 , if q − 1 is a 2-power. Therefore n is a prime and we get again a small connected component.
Suppose r | q n−1 − 1. If q is odd, then q n−1 − 1||Ω n (q)| and n ≤ 2n − 3. If q is even, then q n−1 − 1||Ω − n+1 | and n + 1 ≤ 2n − 2. This implies, that x is in the big connected component by M 1 in both cases.
Suppose r | q n−1 +1, so q is odd and n−1 is even. Let n−1 = a·b with a > 1 a 2-power and b odd. We can find a torus of type q n−1 + 1 in a subgroup M 5 of type GU b (q a ). We can find this subgroup in the following chain of subgroups: There exists a subgroup M 1 of type O 3 (q) ⊥ O 2n−3 (q), so if x is not contained in the big connected component, r | (q n + 1)(q n−1 − 1)(q n−1 + 1). If q is even, by Theorem 2, there exists a connected component containing all elements of prime order r for r some prime divisor of q 2 − 1.
. By the structure of M 1 , elements of order r are in that connected component, if r | |Ω + 2n (q)|, so remain primes r, which divide (q n + 1)(q n−1 + 1). Let n even. Suppose r | q n + 1. Let n = a · b with a a 2-power and b odd. Notice, a = 1 and b = 1 gives a small connected component, as the torus of type q n + 1 is self centralizing.
A torus of type q n + 1 is contained in a subgroup M 2 of type GU b (q a ), which is contained in a subgroup M 3 of type O − 2b (q a ). The structure of M 2 as subgroup of M 3 is described by Proposition 4.3.18 of [KL] . By Zsigmondy, Z(F * (M 2 )) contains elements of odd order s with s | q a +1. As F * (M 2 ) contains a PSL 2 (q)-section, x is in the big connected component.
Suppose r | q n−1 − 1, so q is odd. A torus of type q n−1 − 1 can be found in a subgroup
) containes elements of odd order, so x is in the big connected component. Else we may use 5.11 for the connected components of F * (M 4 ). Observation of x in the natural module shows, that we get a small connected component.
Suppose r | q n−1 + 1. A torus of type q n−1 + 1 can be found in a subgroup
) containes elements of odd order, so x is in the big connected component. Else we use induction for the connected components of F * (M 5 ). This gives another small connected component.
Let n odd. Suppose r | q n + 1. A torus of type q n + 1 can be found in a subgroup M 6 of type GU n (q). The structure of M 6 is described by Proposition 4.3.18 of [KL] . If q + 1 is not a 2-power, then Z(F * (M 6 )) contains elements of odd order and x is contained in the big connected component. We use 5.7 and 5.8 for the connected components of F * (M 6 ). This gives a small connected component.
Suppose r | q n−1 − 1, so q is odd. As q n−1 − 1 | |Ω n (q)| and n ≤ 2n − 3, x is in the big connected component by M 1 .
Suppose r | q n−1 +1. A torus of type q n−1 −1 can be found in a subgroup
) contains elements of odd order, so x is in the big connected component.
Else we get the structure of the connected components of F * (M 7 ) by induction. This gives another small connected component.
2 Lemma 5.14 Let G ∼ = G 2 (q). Then Theorem 4 holds.
Proof: By Theorem 1, q > 2. If q odd, by 4.4 there exists a big connected component, containing all elements of order p. If q even, by Theorem 2, there is a connected conjugacy class y G , o(y) = r for r some prime divisor of q 2 − 1 (r = 3 for q = 4). By [LSS] there exists a subgroup M 1 of type SL 2 (q) • SL 2 (q). Therefore d q (r) ∈ {3, 6}.
Suppose d q (r) = 3. By [LSS] there exists a subgroup M 2 of type SL 3 (q), which has a nontrivial center, if 3 | q − 1. Suppose d q (r) = 6. By [LSS] there exists a subgroup M 3 of type SU 3 (q), which has a nontrivial center, if 3 | q + 1. By [CLSS] we get a list of maximal subgroups, which contain all centralizers of elements in G. Using this list we conclude, that these conditions indeed give small connected components. If q is even, by Theorem 2, there is a connected conjugacy class y G , o(y) = s for s some prime divisor of q 2 − 1. By [LSS] there exists a subgroup M 1 of type SL 2 (q) • SL 2 (q 3 ). Therefore d q (r) = 12. As the torus of size q 4 − q 2 + 1 is self centralizing by [K3D4] , we get a small connected component. 2
Lemma 5.16 Let G ∼ = 2 F 4 (q) ′ for q even. Then Theorem 4 holds.
Proof: For q = 2 we use the centralizer sizes in [ATLAS] . Recall, that 3 | q + 1 and 5 | q 2 + 1, as q is an odd power of 2. By Theorem 2, there is a connected conjugacy class y G , o(y) = r for r some prime divisor of q 2 + 1. By [Malle] , subgroups of type SU 3 (q), 2 B 2 (q) × 2 B 2 (q) and Sp 4 (q) ≥ PSL 2 (q) × PSL 2 (q) exist. Let ρ be the set of element orders of C y . We have π(q 2 + 1) ⊆ ρ, so π(q − 1) ⊆ ρ from 2 B 2 (q) × 2 B 2 (q), so π(q + 1) ⊆ ρ from PSL 2 (q) × PSL 2 (q), so 3 ∈ ρ, so π(q 3 + 1) ⊆ ρ from SU 3 (q). As self centralizing subgroups of size q 2 + 2q 3 +q + √ 2q+1 and q 2 − 2q 3 + q − √ 2q + 1 exist with (q 2 + 2q 3 + q + √ 2q + 1)(q 2 − 2q 3 + q − √ 2q + 1) = q 4 − q 2 + 1 = Φ 12 (q), these subgroups produce small connected components. 2
Lemma 5.17 Let G ∼ = F 4 (q). Then Theorem 4 holds.
Proof: If q is odd, by 4.4 there exists a big connected component, containing all elements of order p. If q is even, by Theorem 2, we have a connected component containing all elements of order r for r some divisor of q 2 − 1. By [LSS] there exist subgroup M 1 of type Ω 9 (q) (q odd) or Sp 8 (q) (q even) and M 2 of type 3 D 4 (q). From the group order formula, r | |M 1 ||M 2 |. By 5.13,5.10 and 5.15, d q (r) ∈ {8, 12}. By [CLSS] we get a list of maximal subgroups, which contain all centralizers of elements in G. Using this list we conclude, that these conditions indeed give small connected components.
Lemma 5.18 Let G ∼ = E 6 (q), 2 E 6 (q), E 7 (q) or E 8 (q). Then Theorem 4 holds.
Proof:
We first reduce to a few cases and later use the list of maximal subgroups given in [CLSS] , which contain centralizers of all elements in G. Using this list we conclude, that our conditions indeed give small connected components.
If q is odd, by 4.4 there exists a big connected component, containing all elements of order p. If q is even, by Theorem 2, there exists a connected component containing all elements of order r for r some prime divisor of q 2 − 1. Consider G ∼ = E 6 (q). By [LSS] there exists a subgroup of type SL 2 (q) • SL 6 (q). Therefore d q (r) ∈ {8, 9, 12}.
Suppose d q (r) = 12. By [LSS] there exists a subgroup of type (
(q−1,3) , therefore x is in the big connected subgroup. Suppose d q (r) = 8. By [LSS] there exists a subgroup of type Ω + 10 (q)× (q−1) (q−1,3) . We use 5.11 for the connected components of this group, if q−1 (q−1,3) is a 2-power. We get x centralized by a subgroup of size (q + 1) q−1 (q−1,3) . This is a 2-power, iff q = 3 or q = 7 by 2.2.
The case d q (r) = 9 gives a small connected component. Consider G ∼ = 2 E 6 (q). By [LSS] there exists a subgroup of type SL 2 (q) • SU 6 (q). Therefore d q (r) ∈ {8, 12, 18}.
Suppose d q (r) = 12. By [LSS] there exists a subgroup of type ( 3 D 4 (q) • q 2 −q+1 q+1,3 ), therefore x is in the big connected subgroup, except q = 2. Suppose d q (r) = 8. By [LSS] there exists a subgroup of type Ω − 10 (q)× q+1 (q+1,3) . We use 5.12 for the connected components of this group, if q+1 (q+1,3) is a 2-power. We get x centralized by a subgroup of size (q − 1) q+1 (q+1,3) . This is a 2-power, iff q = 2, 3 or q = 5 by 2.2.
The case d q (r) = 18 gives a small connected component.
Consider G ∼ = E 7 (q). By [LSS] there exists a subgroup of type SL 2 (q)
• Ω + 12 (q). This gives d q (r) ∈ {7, 9, 12, 14, 18}. By [LSS] there exists a subgroup of type PSL 2 (q 3 ) × 3 D 4 (q), which shows x in the big connected component for d q (r) = 12. A subgroup of type PSL 2 (q 7 ) give small connected for d q (r) ∈ {7, 14}, if q − 1 resp. q + 1 is a 2-power. Subgroups of type E 6 (q) • (q − 1) and 2 E 6 (q) • (q + 1) give more small connected components for d q (r) ∈ {9, 18} and q −1 resp. q +1 a 2-power. For the existence of these subgroups we use [LSS] .
Consider G ∼ = E 8 (q). By [LSS] there exists a subgroup of type SL 2 (q)•E 7 (q). This gives d q (r) ∈ {15, 20, 24, 30}. By [LSS] there exists a subgroup of type SU 5 (q 2 ), which contains a torus of type q 10 +1
q 2 +1 and has a nontrivial center, if 5 | q 2 + 1. This completes the list of small connected components. 2
